A stable partitioned algorithm is developed for fluid-structure interaction (FSI) problems involving viscous incompressible flow and rigid bodies. This added-mass partitioned (AMP) algorithm remains stable, without sub-iterations, for light and even zero mass rigid bodies when added-mass and viscous added-damping effects are large. The scheme is based on a generalized Robin interface condition for the fluid pressure that includes terms involving the linear acceleration and angular acceleration of the rigid body. Added mass effects are handled in the Robin condition by inclusion of a boundary integral term that depends on the pressure. Added-damping effects due to the viscous shear forces on the body are treated by inclusion of addeddamping tensors that are derived through a linearization of the integrals defining the force and torque. Added-damping effects may be important at low Reynolds number, or, for example, in the case of a rotating cylinder or rotating sphere when the rotational moments of inertia are small. In this second part of a twopart series, the general formulation of the AMP scheme is presented including the form of the AMP interface conditions and added-damping tensors for general geometries. A fully second-order accurate implementation of the AMP scheme is developed in two dimensions based on a fractional-step method for the incompressible Navier-Stokes equations using finite difference methods and overlapping grids to handle the moving geometry. The numerical scheme is verified on a number of difficult benchmark problems.
Introduction
We describe a new numerical approach for fluid-structure interaction (FSI) problems involving the motion of rigid bodies in an incompressible fluid. The approach, referred to as the AMP-RB scheme, is a partitioned algorithm in which the equations for the fluid and the rigid bodies are handled using separate solvers. This is in contrast to monolithic schemes where the whole system of equations are solved simultaneously at each time step. A significant challenge for partitioned schemes is stability, especially for light bodies (or even zero-mass bodies) when the effects of added mass and added damping are important. 5 In addition, it can be difficult to achieve second-order accuracy, or higher, for partitioned time-stepping schemes due to errors caused by the numerical treatment of the matching conditions at the interface between the fluid and the rigid bodies.
The AMP-RB scheme is based on a fractional-step approach for the fluid in which the velocity is advanced in one stage, and the pressure is determined in a second stage [1, 2] . The viscous terms in the stress tensor are handled implicitly so that the velocity can be advanced with a larger stable time step. The key ingredients of the AMP-RB scheme are contained in the added-mass partitioned (AMP) interface conditions which couple the equations of motion of the rigid body to a compatibility boundary condition for the pressure on the surface of the body. These conditions are derived at a continuous level by matching the acceleration of the body to that of the fluid. As a result, the integration of the equations of motion of the rigid-body are coupled strongly to the update of the fluid pressure; this ensures the proper balances of forces at the interface thereby suppressing instabilities due to added-mass effects. Suppressing instabilities due to added-damping is more subtle. The fluid forces on the body depend on the viscous shear stresses which, in turn, implicitly depend on the velocity of the body. This implicit dependence of the fluid forces on the body velocity is explicitly exposed and, after some simplifying approximations, is expressed in terms of added-damping tensors which are incorporated into the AMP interface conditions as a means to overcome added-damping instabilities.
This paper is the second of a two-part series of papers in which the AMP-RB scheme is developed and analyzed. The work in Part I [3] introduced the scheme and applied it to various model problems. A stability analysis of the AMP-RB scheme was performed, and it was shown that the new scheme remains stable, without sub-time-step iterations, even for light or zero-mass rigid bodies when added-mass and addeddamping effects are large. In this paper, we extend the formulation of Part I to general three-dimensional configurations 6 . An important new feature in this extension is the generalization of the added-damping tensors that are incorporated into the AMP-RB scheme to treat the effects of added damping. Exact formulas are derived for the added-damping tensors which involve solutions to variational problems given by two discrete vector Helmholtz equations. Approximate added-damping tensors, convenient for use in AMP-RB scheme, are obtained using the results from the model problem analysis in Part I. These approximate tensors are readily evaluated at the initial time using surface integrals over a given body, which can be computed either analytically or numerically. The scheme is implemented in two dimensions for arbitrary body motions using moving overlapping grids [4, 5] . Numerical examples in two dimensions are provided that verify the accuracy and stability of the scheme for some challenging problems involving light and zero-mass rigid bodies.
The FSI regime involving incompressible flows and moving rigid bodies is of great practical and scientific interest. The reader is referred to the introduction of Part I for a discussion of the literature, particularly as related to the issue of added-mass instabilities for partitioned schemes. Here we note the long history of using composite overlapping (overset, Chimera) grids for simulating rigid bodies in fluids, going back to the early work on aircraft store-separation by Dougherty and Kuan [6] . Recent use of overlapping grids for simulating aircraft, rotorcraft, wind-turbines, rockets, spacecraft, ships and underwater vehicles can be found at the overset grid symposium website [7] .
The remainder of the paper is organized as follows. The governing equations are given in Section 2. The analytic forms of the added-damping tensors are introduced in Section 3 and these are subsequently used in Section 4 to define the AMP-RB interface conditions. The AMP-RB time-stepping algorithm, which uses a fractional-step scheme for the velocity-pressure form of the Navier-Stokes equations is outlined in Section 5.
Approximations to the added-damping tensors are developed in Section 6. Section 7 gives a brief outline of the moving overlapping grid approach. Numerical results are given in Section 8 and concluding remarks are made in Section 9. Appendix A provides the derivation of a formula for the shear stress used in determining the added-damping tensors, while Appendix B provides the explicit form of the added-damping tensors for some different shaped rigid bodies (e.g., rectangle, disk, sphere)
Governing equations
We consider the fluid-structure coupling of an incompressible fluid and one or more rigid bodies as illustrated in Figure 1 , although the subsequent discussion will consider a single rigid body for simplicity. The fluid occupies the domain x ∈ Ω(t) while the rigid body lies in the domain x ∈ Ω b (t), where x is position and t is time. The coupling of the fluid and body occurs along the interface Γ b (t) =Ω(t) ∩Ω b (t). It is assumed that the fluid is governed by the incompressible Navier-Stokes equations, which in an Eulerian frame are given by
where ρ is the (constant) fluid density and v = v(x, t) is the fluid velocity. The fluid stress tensor, σ = σ(x, t), is given by
where p = p(x, t) is the pressure, I is the identity tensor, τ is the viscous stress tensor, and µ is the (constant) fluid viscosity. For future reference, the components of a vector such as v will be denoted by v m , m = 1, 2, 3 (i.e. v = [v 1 , v 2 , v 3 ] T ), while components of a tensor such as σ will be denoted by σ mn , m, n = 1, 2, 3. The velocity-divergence form of the equations given by (1) and (2) require appropriate initial and boundary conditions, as well as conditions on Γ b (t) where the behaviour of the fluid is coupled to that of the solid (as discussed below). T , x ∈ Ω(t),
where ∇v : (∇v)
∂v i ∂x j ∂v j ∂x i .
In the velocity-pressure form of the incompressible Navier-Stokes equations, the Poisson equation (4) is used in place of (2) . This form requires an additional boundary condition, and a natural choice is ∇ · v = 0 for x ∈ ∂Ω(t), see [1] for example. The rigid body is defined in terms of the translation and rotation of the centre of mass. In discussing the rigid body motion we use the following notation:
: mass of the rigid body, ρ b ∈ R : density of the rigid body,
: moment of inertia matrix,
: position of the centre of mass,
: velocity of the centre of mass,
: angular velocity,
: matrix with columns being the principle axes of inertia,
: linear acceleration of the centre of mass,
: angular acceleration of the centre of mass,
: external body force (e.g. gravity),
: external torque.
The equations of motion for the rigid body are then given by the Newton-Euler equations,
where r denotes a point on the surface of the body and n = n(r, t) is the outward unit normal to the body. These equations of motion require initial conditions for
, and E b (0). The motion of a point r(t) on the surface of the body is given by a translation together with a rotation about the initial centre of mass,
where R(t) is the rotation matrix given by
The velocity and acceleration of that point are then given bẏ
On the interface between the fluid and solid, the fluid velocity must match the solid velocity. If r = r(t) denotes a point on the surface of the body Γ b , then the fluid velocity v(r(t), t) at the surface satisfies
whereṙ(t) is given in (13).
Added-damping tensors
Viscous shear stress on the surface of the rigid body generates forces and torques that are coupled to the motion of the rigid body. If this coupling is not properly treated, then a numerical scheme may become unstable due to an added-damping instability. Such an instability arises, for example, when an over-estimate of the shear stress leads to an over-correction of the rigid-body velocity, which in turn leads to an even larger over-estimate of the stress, and so on. In this section, we introduce exact formulas for the added-damping tensors that account for the coupling of the force and torque due to viscous shear stress and the motion of the rigid body. These tensors are then used in the description of the AMP-RB interface conditions given next in Section 4. For the numerical implementation of the AMP-RB interface conditions, we only require approximations of added-damping tensors, and these approximations are discussed in Section 6.
Added-damping effects, which arise from the forces and torques on the body due the viscous shear stress, are represented by the terms involving τ n in the surface integrals (5) and (6) for the linear and angular accelerations of the rigid body, respectively. These two contributions to the accelerations of the body are given by
where it is indicated that these integrals are functions of v, but also implicitly of the body velocities, v b and ω b , as well. To expose this dependence consider linear approximations of F µ and G µ about some predicted states, v p , v p b , and ω p b , which are assumed to be known. These approximations have the form
where the added-damping tensors, D vv , D vω , D ωv , and D ωω , are 3 × 3 matrices (assuming three-dimensional flow) defined by
The approximations in (17) and (18) are sufficient to expose the dependence of the applied forces on the velocities v b and ω b . Note that the added-damping tensors introduced here are an extension of the scalar added-damping coefficients, D u and D ω , obtained in Part I [3] for two model FSI problems. Exact formulas for the added-damping tensors can be obtained by first noting that the shear stress on the surface of the rigid body, τ n, appearing in the integrals in (16) can be expressed in terms of the normal derivative of the fluid velocity on the surface and the angular velocity of the rigid body. This form is given in the following theorem. Theorem 1. The shear stress of a viscous incompressible fluid with velocity v(x, t) and dynamic viscosity µ on the surface of a rigid body with angular velocity ω b (t) is given by
where I is the 3 × 3 identity matrix.
The proof of this theorem is given in Appendix A. Using (21) to eliminate τ n in the integrals in (16) gives
so that the cross product can be rewritten as matrix multiplication,
Therefore, the added-damping tensors in (19) and (20) can be expressed as
where the derivatives, ∂ v b v and ∂ ω b v, solve certain variations problems as discussed in Section 6. For the typical case, when the rigid body is fully immersed in the fluid, the terms involving [n] × in the addeddamping tensors (23) and (25) can be evaluated using Gauss's theorem. Assuming that the body surface Γ b is sufficiently smooth so that the Gauss divergence theorem holds (this is true, roughly, if the surface is piecewise smooth with a finite number of edges and corners [8] ), then Γ b n i dS = 0, and
where V b is the volume of the rigid body. Therefore, two of the added-damping tensors can be simplified as
The four added-damping tensors can be collected in a larger composite tensor, D(t) ∈ R 6×6 , having the form
Note that the added-damping tensors change with time as the body rotates according to the formula
where R(t) is the rotation matrix given in (12) . Thus, the integrals defining the entries in D(t) can be precomputed at t = 0, and then (29) can be used to determine D(t) at later times. We note that the added-damping tensors in two dimensions can be easily derived from the formulae in three dimensions by, for example, considering cylindrical bodies of unit depth in the z-direction (with no top or bottom) in which case the surface integrals will reduce to line integrals. The resulting expressions can then be restricted to two-dimensional motions.
Motivated by the analysis in [3] , it is convenient in the AMP-RB algorithm to express the linearizations in (17) and (18) in terms of the body accelerations a b and b b . This is accomplished by including a factor of the discrete time-step ∆t and an additional added-damping parameter β d ,
As discussed at length in Part I [3] 
The added-mass and added-damping interface conditions
In this section, the interface conditions used in the AMP-RB scheme to account for added-mass and added-damping effects are derived at a continuous level. These conditions are generalizations of the conditions given in Part I [3] for some simplified model problems. A discretization of the interface conditions obtained here is given later in the description of the AMP-RB scheme.
Added-mass effects arise from the contribution of the pressure to the force and torque on the rigid body. To account for these effects and to obtain the proper force-balance for light rigid-bodies, the fluid and solid accelerations are matched at the surface of the rigid body. Using (14) , this implies
where r(t) denotes a point on the surface of the body and D t = ∂ t +ṙ · ∇ denotes the total derivative following a point on the surface. Using the momentum equation (1) to eliminate D t v leads to the vector acceleration compatibility condition given by
The normal component of the vector condition can be written in the form
where n = n(r, t) is the outward normal to the body. Added-damping effects arise from the influence of the motion of the rigid body on the integrals in (16) involving the shear stress on the body as discussed in the previous section. The linearizations in (30)-(31) reveal this influence in terms of the accelerations of the body, and these can be added to the interface conditions in (5) and (6) . Combining these conditions with the acceleration compatibility condition in (32) leads to the primary AMP-RB interface condition.
AMP Interface Condition. The AMP-RB interface conditions on the surface of a rigid body r ∈ Γ b for the pressure equation (4) are
where
Here, ∆t is the time-step used in the AMP-RB time-stepping scheme and β d is the added-damping parameter typically set to one. (4) together with the AMP interface conditions. Note that the same term involving D with components D αβ appears on both sides of (34). Thus, the components of this interface condition reduce to the conditions in (5) and (6) , so that the interface condition is exact for any choice of the added-damping tensor D, including the approximations obtained later in Section 6. The purpose of including the term involving D in (34) is to cancel the leading contributions to the added-damping embedded in the integrals F µ and G µ in G. These contributions now appear on the left-hand side of (34) in the calculation of the body accelerations.
The AMP-RB time-stepping algorithm
We now describe a second-order accurate version of the AMP-RB time-stepping algorithm. In this scheme, the fluid variables are computed in a fractional-step manner with the fluid velocity advanced in one stage, followed by an update of the fluid pressure in a subsequent stage. A key element of the algorithm is the AMP-RB interface conditions, which are used to couple the update of the pressure with the calculation of the accelerations of the rigid body. These interface conditions are designed to suppress instabilities due to added-mass and added-damping effects as discussed previously.
Before describing the time-stepping algorithm in detail, let us first introduce some notation. Let x i denote the grid-point coordinates on a discrete mesh, where i = (i 1 , i 2 , i 3 ) is a multi-index, and let t n = n∆t, n = 0, 1, 2, 3, . . . denote the discrete times in terms of the time-step ∆t. The composite grid covering the fluid domain, Ω(t), at time t = t n is denoted by G n . This grid is composed of a collection of component grids, some of which are fitted to the surface of the rigid body and move in time, as described in Section 7. 
, denote time-discrete approximations of the rigid-body variables. Let ∇ h and ∆ h denote some appropriate discrete approximations to the gradient and Laplacian operators, respectively; the precise form of these approximations is not important for the present discussion. Let Ω h denote the set of indices i in the interior of the fluid grid, Γ h denote the set of indices i on the interface, and
denote the advection and pressure terms in the momentum equations, where the grid velocity, w n i , is included from the transformation to a moving coordinate system. Finally, denote the state of the rigid body as a vector given by q
. The AMP-RB time-stepping scheme described in Algorithm 1 is a predictor-corrector-type fractionalstep scheme for the fluid velocity and pressure that incorporates the AMP interface conditions coupling the motion of the rigid body. The algorithm involves a set of four procedures, which are given below, and is a generalization of the AMP-RB scheme discussed in detail in Part I [3] for a simplified model problem. The key steps in the algorithm are Steps 3 and 6 where the pressure and body accelerations are computed with the aim to suppress instabilities caused by added-mass and added-damping effects. The correction steps, Steps 5-7, can be repeated any number of times (or omitted completely), but we usually apply these steps once as this increases the stability region of the scheme to allow a larger advection time-step. The velocity correction in Step 8 is optional, although including this step improves the stability of the scheme for added-damping effects, as noted in Part I, and may be needed when these effects are large.
Predict the accelerations of the rigid body at t n+1 using linear extrapolation in time,
Predict the primary rigid-body degrees-of-freedom at t n+1 using a leap-frog scheme in time,
Algorithm 1 Added-mass partitioned (AMP-RB) scheme // Preliminary body evolution step
and then update the state of the rigid body at t n+1 given by
The predicted moving grid at the new time, G, can now be generated given the position of the body surface r(t) at t = t n+1 determined from (11) and (12) using x b and E b .
Advance the fluid velocity with a semi-implicit scheme using the given values f * i and f n i for the advection and pressure gradient terms (36), and setting the fluid velocity on the surface of the rigid body to match that of the body using the given state q * b ,
Here the ghost point values for the velocity are determined by the divergence boundary condition together with extrapolation of the tangential components. Appropriate conditions on the velocity are specified on other boundaries, e.g. no-slip conditions on ∂Ω\Γ b .
Update the fluid pressure and rigid-body accelerations by solving
together with the interface conditions
Here D * is the added damping tensor (28), computed using (29), and F and G are defined in (35). Appropriate boundary conditions for pressure are specified on the other boundaries.
Use the trapezoidal rule to correct the positions and velocities of the rigid body using the given accelerations a * b and b * b ,
The moving grid, G, is corrected using the current position of the body.
Discrete and approximate added-damping tensors
In this section we return to the formulas for the added-damping tensors in (22)-(25) and describe an approach to obtain discrete approximations that can be used in the AMP-RB time-stepping scheme. Following the discussion in Part I [3] , we begin with a fully-coupled (monolithic) discretization of the governing equations. The discrete equations for the fluid in velocity-pressure form are
where f n i is given in (36). Boundary conditions for the discrete velocity, v n+1 i
, and pressure, p n+1 i
, on the surface of the rigid body at t n+1 are
These boundary conditions involve the discrete quantities,
, etc., of the body which are determined by the following discretization of the Euler-Newton equations:
is a discrete approximation of the shear stress, τ n, on the surface of the body, i ∈ Γ h . The discretization of the fluid also requires boundary conditions for i ∈ ∂Ω h \Γ h , but the choice of these boundary conditions is not important for the present discussion. The parameters α in (39) andᾱ in (45)- (48) (with the other discrete quantities for the body held fixed) shows that W v i satisfies a discrete Helmholtz problem given by
where I is the 3 × 3 identity and with homogeneous boundary conditions for W v i on i ∈ ∂Ω h \Γ h of the same form as that imposed for (39). Similarly, taking the derivative with respect to ω
with homogeneous boundary conditions for W 
where D nh is a discrete approximation of the normal derivative on the surface of the rigid body. While it is possible to evaluate the added-damping tensors in (53)-(56) by solving the discrete Helmholtz problems for W v i and W ω i , this is considered to be too much effort when only approximations to these tensors are needed for the AMP-RB time-stepping scheme. Following the approximations made in the model-problem analysis in Part I [3] , it is postulated that the normal derivatives of W v i and W ω i on the surface of the rigid body can be approximated by
where ∆n i is the added-damping length-scale parameter given by
Here, ∆s n,i is the mesh spacing in the normal direction, α is the time-stepping parameter in (39), and ν = µ/ρ is the kinematic viscosity. As noted in Part I, ∆n i varies with δ i , which is the ratio of the mesh spacing in the normal direction to a viscous grid spacing, and it takes the limiting values
Using the approximations in (57) with ∆n i given in (58) leads to the simplified added-damping tensors
The term involving the volume of body has been dropped from the approximations in (62) since this term will generally be small compared to the term that was kept. The approximate composite added-damping tensor given bỹ
is used in the AMP-RB time-stepping scheme. We note thatD is symmetric and positive semi-definite, and thus it provides a damping contribution to the calculation of the accelerations of the rigid body in (38). We note also that the added-damping tensors inD need only be computed for the problem configuration at the initial time t n = 0, since the tensors at later times can be computed based on the rotation of the rigid body according to (29).
Numerical approach using moving composite grids
Our numerical approach for the solution of the equations governing an FSI initial-boundary-value problem is based on the use of moving (and possibly deforming) composite grids. This flexible approach enables the use of efficient structured grids for complex geometry and provides smooth, high-quality grids for moving grid problems even as the geometry undergoes large changes. We have previously applied this approach to the coupling of compressible flows and rigid bodies [4, 10] , compressible flows with deforming bodies in [11, 12] , and incompressible flows with rigid bodies [5] and deforming beams [13] . Figure 2 : Left: an overlapping grid consisting of two structured curvilinear component grids, x = G1(r) and x = G2(r). Middle and right: component grids for the square and annular grids in the unit square parameter space r. Grid points are classified as discretization points, interpolation points or unused points. Ghost points are used to apply boundary conditions.
An overlapping grid, G, consists of a set of structured component grids, {G g }, g = 1, . . . , N , that covers the fluid domain, Ω(t), and overlap where the component grids meet, see Figure 2 . Discrete solutions defined on different grids are matched by interpolation at the interpolation points; for the second-order accurate computations performed here, a tensor-product Lagrange interpolation formula is used (i.e. quadratic interpolation using a three-point stencil in each direction). Typically, boundary-fitted curvilinear grids are used near the boundaries (rigid-body surfaces and external boundaries), while one or more background Cartesian grids are used to handle the bulk of the fluid domain. Each component grid is a logically rectangular, curvilinear grid in n d space dimensions, and is defined by a smooth mapping from parameter space r (the unit square or cube) to physical space x,
For the present FSI problem, there are usually one or more background grids which are static, while boundaryfitted grids attached to the boundary of the rigid body move over time. The Navier-Stokes equations for the fluid are transformed to the unit-square reference coordinates, r, using the chain rule. On moving grids, the equations are transformed to a moving coordinate system which introduces the grid velocity into the advection terms as indicated in (36). The resulting equations are then discretized using standard finitedifference approximations for the derivatives with respect to r. Second-order accurate approximations are used in the present implementation of the time-stepping scheme. For more details on the discretization approach see [1, 4, 13] .
Time-step determination. The discrete time-step ∆t is generally determined by a CFL-type stability condition based on the advection terms in the fluid momentum equations. The viscous terms are treated implicitly so that there is no stability constraint on ∆t arising from these terms. A maximum value for the time-step is also enforced in case the advection terms are small, and this maximum value is often taken to be proportional to the grid spacing (in non-dimensional variables). An additional consideration when choosing the time-step for the AMP-RB scheme is that since the entries in the added-damping tensors depend on ∆t (through the factor √ ν∆t), it is helpful if ∆t varies slowly as the simulation progresses. It has been found that if ∆t jumps by a significant fraction, e.g. by a factor of two, then for difficult problems with very light bodies, the body acceleration may also experience a small jump (as can can be seen, for example, in Figure 9 ). This jump is local in time and the acceleration recovers after a few time-steps but this can be avoided by either enforcing that ∆t varies smoothly, or by adjusting the form of the added-damping coefficients so that these vary smoothly in time.
Numerical Results
Numerical results are now presented that demonstrate the stability and accuracy properties of the AMP-RB scheme as implemented using moving overlapping grids 8 . The first problem involves the one-dimensional motion of a piston in a rectangular fluid chamber while the second problem involves the rotation of a solid disk in an annular fluid chamber. These problems are motivated by two of the model problems discussed in Part I [3] . The first problem highlights added-mass effects while the second problem isolates the effects of added-damping. Unlike the model problems considered in Part I, the present problems consider finite amplitude translations and rotations, and overlapping grids are used to handle the moving geometry. Exact solutions are available for both problems, and these solution can be used to assess the stability and accuracy of the general AMP-RB scheme.
Subsequently, four other challenging problems are considered to illustrate the behaviour of the scheme. In the first case, a zero-mass cylindrical body moves within a fluid-filled channel. This problem is designed to provide a clean benchmark problem for evaluating the stability and accuracy of the AMP-RB scheme when both added-mass and added-damping effects are important. Convergence rates are computed from a self-convergence grid refinement study. The next problem considers a standard test problem examined in the literature consisting of a moderately-heavy cylindrical-body that falls, under gravity, in a fluid channel. This problem is used to check the results of the AMP-RB scheme with results from other schemes. The third of these four problems involves a light rectangular-shaped body rising under buoyancy forces to the top of a closed fluid chamber. This problem demonstrates the need for added-mass corrections, and also the need for the added-damping corrections of the AMP-RB scheme for the case of a non-cylindrically-shaped body. For non-cylindrical bodies, one might posit (incorrectly, it turns out) that any finite-size added-mass corrections would be sufficient to stabilize the scheme, without the need for added-damping corrections, since added-mass effects are proportional to changes in the acceleration of the body while added-damping effects are proportional to changes in the velocity; the latter generally being O(∆t) smaller than the former. Despite this intuition, it is found in practice that added-damping effects must be properly treated to maintain stability of the scheme. In the last problem, the interaction between two rectangular-shaped bodies, one rising and one falling, in a rectangular fluid chamber is simulated to demonstrate the performance of the scheme with multiple bodies in close proximity.
One-dimensional motion of a piston and a rectangular fluid chamber
Consider the horizontal motion of a two-dimensional rigid-body (a piston) located at one end of a rectangular channel of fluid as shown in Figure 3 . The problem is posed with initial conditions and boundary conditions so that an exact solution exists which only depends on the horizontal coordinate x and on time t. The pressure in the fluid provides a force on the rigid-body, which implies the presence of added-mass effects, whereas there are no forces due to viscous shear for this problem so that added-damping effects are negligible. Thus, this FSI problem provides a good test of the added-mass properties of the AMP-RB scheme. Note that although the exact solution for this problem does not depend on y, the numerical solution of the full incompressible Navier-Stokes equations in two dimensions is computed on general moving grids to verify the overall approach.
For this piston problem, the fluid occupies the rectangular channel
, where x I (t) is the position of the interface between the fluid and solid, L is the position of the right end of the channel, and H is the height of the channel. The rigid body, located at the left end of the fluid channel, has mass m b , width W b and height H b = H. The interface condition on the fluid at the piston face is the velocity matching condition in (15) . The boundary conditions on the top and bottom of the fluid channel are slip-walls (equivalent to symmetry conditions), while the condition on the fluid at x = L is taken to be
where p L (t) is a given applied pressure. The solution for the body velocity 
T and fluid pressure p is given by
and v 2 = v 2,b = 0. Here, the horizontal position of the body centre and interface are given by
and the added-mass is determined analytically as
The solution in (64)- (68) is an extension of the one for the added-mass model problem in Part I [3] . Here, however, there is no small-amplitude linearization about a fixed interface position, x I (t) = 0, as was done in Part I. While the solution can be determined from a given applied pressure and initial states, x b (0) and v 1,b (0), it is simpler to choose x b (t) and v 1,b (t) =ẋ b (t), and then back out p L (t) and p(x, t) using (64) and (65), respectively. Following this approach, we set
to determine solutions for various choices of the parameters in the verification tests below. Numerical solutions are computed for the piston problem using the composite grid, denoted by G (j) p , with resolution factor j. As illustrated in Figure 3 , the grid consists of two component grids. The first is a body-fitted rectangular grid (green in the figure) of fixed width 1/2 and height H = 1, which is attached to the right face of the rigid body. This moving grid overlaps with a static Cartesian background grid (blue in the figure) covering the region, [−3/4, L] × [0, H] with L = 3/2, which covers the remaining portion of the fluid channel. The grid spacing for both component grids is uniform and chosen to be h (j) = 1/(10j) in each direction. The width and height of the rigid body are taken to be W b = H b = 1 so that m b = ρ b , where ρ b is the density of the solid. The density of the fluid is taken to be ρ = 1 and its viscosity is µ = 0.1. In our numerical tests, the density of the fluid is held fixed, while the density of the solid is varied to study the effects of added mass. Figure 4 shows a time history of the position, velocity and acceleration of the rigid body, together with the errors, as computed with the AMP-RB scheme using the grid G Piston motion, ρ b = 10 Table 1 : Piston motion. Maximum errors and estimated convergence rates at t = 1 computed using the AMP-RB scheme for a heavy, ρ b = 10, medium, ρ b = 1, and very light, ρ b = 0.001, moving piston. The column labeled "r" provides the ratio of the errors at the current grid spacing to that on the next coarser grid.
for a medium-light body with ρ b = 1 (coloured curves) and a very light body ρ b = 0.01 (black curves). The AMP-RB scheme remains stable for both cases, and that the solution curves for x b (t), v 1,b (t) and a 1,b (t) for each value of ρ b are in good agreement with the exact solution. The observed stability behaviour of the AMP-RB scheme agrees with the analysis in Part I for an added-mass model problem (linearized about a fixed interface position). For the model problem, it was found that the AMP-RB scheme is stable for any ratio of the mass of the body to that of the added mass of the fluid. An analysis of a traditional-partitioned (TP) scheme (with no sub-time-step iterations) for the same model problem found that the TP scheme is stable if and only if m b > M a . For the present piston problem, the interface position varies with time so that the added mass given in (68) varies with time as well. However, a condition for stability of the TP scheme can be estimated as m b > max(M a (t)) = 5/4. As a check, we find that the TP scheme is unstable for calculations using G To assess the accuracy of the AMP-RB scheme, errors are computed on a sequence of grids of increasing resolution. The time-step is chosen as ∆t j = 1/(10j) for G (j)
p and the equations are integrated to t final = 1. Table 1 presents the results of this grid refinement study for a heavy, medium and light body. The tables show the max-norm errors and estimated convergence rates computed by a least-squares fit to the logarithm of the error. The max-norm error of component q for a calculation using grid G (j) p is denoted by E q j . For vector quantities such as v, the corresponding error E v j is the maximum taken over all components of the vector. The results show that the scheme is second-order accurate in the fluid velocity, body velocity and body position. The fluid pressure and rigid-body acceleration converge more rapidly for this simple problem since the second-order accurate approximation to the pressure equation is exact for a solution with linear variation in x.
Rotating disk in an annular fluid chamber
In this section the rotating disk-in-a-disk problem described in Part I [3] is solved using moving overlapping grids to verify the accuracy and stability of the AMP-RB scheme. The geometry of the two-dimensional problem is shown in Figure 5 . An annular fluid chamber is bounded by a rotating solid disk of radius r = r 1 and a static wall at r = r 2 . The disk has uniform density ρ b so that its moment of inertia (for rotation in the plane) is I b = ρ b πr 4 1 /2. An exact solution for the case when the rigid body rotates about its centre is given in Part I. The solution for the fluid velocity and pressure is given in terms of the polar coordinates (r, θ) by
where p 0 is a constant and
is the circumferential component of the velocity. Here, J 1 and Y 1 are Bessel functions of order one, ν = µ/ρ is the kinematic viscosity of the fluid, α b is the velocity at r = r 1 and t = 0, and λ is a constant determined by the matching conditions at the interface with the rigid body (see Part I). The angular velocity of the rigid body is given by
where ω b corresponds to the third component of the angular velocity vector ω b . Note that the solution exhibits viscous shear at the surface of the rigid body so that this problem provides a good test of the stability of the AMP-RB scheme when added-damping effects are important. Added-mass effects are negligible for this problem since the fluid pressure is uniform along the surface of the rigid body. Numerical solutions are computed using a composite grid for the annular fluid domain, denoted by G (j) rd , as shown in Figure 5 . The composite grid consists of two annular boundary-fitted component grids and one background Cartesian grid (blue). The inner annular grid (green) is attached to, and moves with, the surface of the rigid body at r 1 = 1, while the outer annular grid (red) is fixed to the static outer boundary of the fluid domain at r 2 = 2. Both annular grids have radial extent equal to 0.3, and the representative grid spacing is h (j) = 1/(10j) for all component grids in each of their coordinate directions. The initial conditions are taken from the exact solution (with p 0 = 0), no-slip boundary conditions are applied at r = r 2 , and interface matching conditions are applied at the surface of the rigid body, r = r 1 . The fluid density and viscosity are taken to be ρ = 1 and µ = 0.1 for all calculations in this section. Note that the exact solution contains only rotations of the body, while the numerical solution allows both rotational and translational motions of the body. Figure 5 shows contours of the pressure, p, and speed, |v|, at t = 1.0 for the case of a light body with ρ b = 0.01 and for α b = 1. The solution is computed using the AMP-RB scheme with velocity correction on the composite grid G (4) rd with β d = 1 and ∆t determined by the advection time-step restriction. The pressure is seen to depend only on the radius r and the motion of the body is dominated by rotation, in agreement with the exact solution. Even though the body is light there are no instabilities due to added-damping effects, as predicted by the stability analysis in Part I. A plot of the errors in these quantities is also shown. The solution is computed using the AMP-RB scheme with velocity correction on the grid G (4) rd with ∆t = .05 and β d = 1. The inner disk, with angular velocity equal to α b = 1 initially, rotates counter-clockwise and slows due to the viscous shear stress from the fluid. Even for these light bodies, the numerical solution shows no signs of instabilities. However, the error in angular accelerationω b is seen to possess a few small start-up oscillations near t = 0, which are expected for these difficult simulations with small ρ b .
Results of a grid convergence study are given in Table 2 . The max-norm errors at t = 1 are computed by comparing numerical solutions to the exact solution for the cases of ρ b = 10, 1 and zero, all using α b = 0.1. Convergence rates are also given in the tables and these are estimated using a least-squares fit to the log of the errors. The AMP-RB scheme with velocity correction and β d = 1 is used for all of the results. The errors are seen to converge at rates close to second-order accuracy for all cases, including the case of a zero-mass rigid body where added-damping effects are strongest.
Zero mass disk in a counter-flow
Consider a buoyant and very light rigid disk that is allowed to move within a rectangular fluid domain as shown in Figure 7 . The flow in the channel and the motion of the solid disk are initiated from rest by smoothly turning on a pressure gradient (by imposing a time-dependent pressure at inflow and fixing the pressure at outflow) and smoothly turning on a gravitational body force.
The geometry of the problem is shown in Figure 7 Table 2 : Rotating disk. Maximum errors and estimated convergence rates at t = 1 computed using the AMP-RB scheme with velocity correction for a heavy (ρ b = 10), medium (ρ b = 1) and zero mass (ρ b = 0) rotating disk. 
rd at t = 0 (coarse grid). Right: contours of the pressure at t = 5 using grid G (8) rd .
centred at (x, y) = (0.5, 0). The fluid density and viscosity are taken to be ρ = 1 and µ = 1, respectively, and the density of the solid disk is zero, ρ b = 0. At the top boundary of the channel the pressure is specified, the tangential component of the velocity is set to zero, and the normal component of the velocity is extrapolated on the ghost points. The specified pressure at the top ramps smoothly from zero to a value P top = 1.25 according to p(x, y 1 , t) = P top R(t), where R(t) is a ramp function given by
The ramp function satisfies R = R = R = R = 0 at t = 0 and has three continuous derivatives at t = 1. No-slip boundary conditions are taken on the left and right sides of the channel, and on the surface of the solid disk. An outflow boundary condition is taken at the bottom boundary of the channel: the pressure and the normal derivative of the normal component of velocity are both set to zero, and the tangential component of the velocity is extrapolated to the ghost points. The body force due to gravity is smoothly turned on according to
where the acceleration due to gravity is taken to be g = [0, −4] T for the present simulation. The composite grid for the problem at t = 0 is shown in Figure 7 . The grid with resolution factor j, and target grid spacing h (j) = 1/(10j), is denoted by G Table 3 : Estimated max-norm errors and convergence rates from a self-convergence grid refinement study. Left: results for t = 0.5. Right: estimated convergence rates at different times. Figure 8 shows (instantaneous) streamlines of the solution at a sequence of times. This figure is complemented by the plots in Figure 9 which show the position, velocity and acceleration of the body over time. Initially the disk starts to rise due buoyancy effects but then as the inflow pressure increases the stronger downward flow drives the disk into a downward motion. The centre of the disk moves slowly to the left. Table 4 : Rigid-body time-averaged convergence rates from a self-convergence grid refinement study. These results correspond to the curves in Figure 9 . Table 3 presents estimated convergence rates from a self-convergence grid-refinement study. The rates are computed using a Richardson extrapolation of the results from the finest three grids (see [14] for more details on this procedure). The estimated errors and convergence rates are given at t = 0.5 and demonstrate close to second-order accurate convergence. The max-norm rates at different times are also provided and show convergence rates that increase somewhat for later times; this is likely an artifact of the coarse grid solutions not being sufficiently resolved at later times and thus the asymptotic assumptions made in the Richardson process are not entirely accurate. Figure 9 shows the motion of the disk as computed on four grids of increasing resolution. Magnified views show that the curves are converging nicely in a manner consistent with second-order accuracy. Table 4 confirms this observation by providing estimated convergence rates computed from a Richardson extrapolation. The values, which are in basic agreement with the rates in Table 3 , represent the average rate over time, t ∈ [0, 6], computed using time-averaged rate = log 2 q
rd , over time-steps denoted by n.
Solid disk falling to the bottom of a fluid chamber
An independent check of the AMP-RB scheme can be made by comparing to solutions obtained by other schemes for a standard test problem available in the literature. One such problem is considered in [15, 16] and involves a moderately heavy solid-disk that falls, due to gravity, in a fluid chamber. The geometry of the problem is shown in the left plot of Figure 10 . A solid disk of radius R b = 0.5 is positioned with centre initially at (0, 0) along the centreline and near the top of a rectangular channel with boundaries given by x c = 2, y 0 = −14 and y 1 = 2. The densities of the fluid and disk are taken to be ρ = 1 and ρ b = 2, respectively. In contrast to the zero-mass disk problem studied in Section 8.3, the density of the disk is twice that of the fluid for this test problem, and thus added-mass and added-damping effects are not as strong. No-slip boundary conditions are assumed for the two vertical and bottom horizontal walls of the channel. At the top of the channel, the pressure and the horizontal component of the fluid velocity are set to zero (while the vertical component of the velocity is extrapolated to the ghost point). The fluid and the solid disk are at rest initially, and a downward motion of the disk is initiated by an instantaneous application of a body force given by
where g = [0, −g] is the acceleration due to gravity and H(t) is the Heaviside function. 
fd at t = 0 (coarse grid). Right: Computed streamlines at selected times using grid G (4) fd .
The results in [15, 16] are described in terms of dimensional quantities, whereas we have chosen to work with dimensionless variables as was done for the previous test problems in this section. The results here can be converted to dimensional quantities using a reference scale for length given by the diameter of the disk, d = 0.01 m, and a reference scale for density given by the fluid density,ρ = 10 3 kg/m 3 . A reference scale for velocity is taken to be an estimate for the terminal velocity of a disk falling in a channel, assuming Stokes flow, given byṽ term = 0.35011 m/s for the case of a fluid with viscosity given byμ = 0.1 kg/(m s), see [15, 16] . The reference time is thus given byd/ṽ term = 0.028562 s. With these reference scales, the dimensionless fluid viscosity is µ =μ/(ρdṽ term ) = 0.028562, which is the reciprocal of the Reynolds number (based on the diameter of the solid disk), and the dimensionless gravitational constant is g =gd/(ṽ term ) 2 = 0.79949, whereg = 9.8 m/s 2 . Falling Disk, ρb=2, µ=0.028562 Falling Disk, ρb=2, µ=0.028562 Falling Disk, ρb=2, µ=0.028562 Numerical solutions are computed using the AMP-RB scheme with composite grids of varying resolution, one such grid is shown in Figure 10 for the setup at t = 0. The fluid domain in the channel is represented by a background Cartesian grid (shown in blue) and a moving annular body-fitted grid (shown in green). The composite grid has a target grid spacing of h (j) = 1/(10j), with grid resolution factor j, and is denoted by G (j)
fd . The annular grid has a fixed radial width equal to 0.4 for all grid resolutions. The time-step is taken as ∆t (j) = h (j) . The streamlines of the solutions at a sequence of times are presented in Figure 10 , complemented by Figure 11 which shows the vertical components of the position, y b , velocity, v b2 , and acceleration, a b2 , of the falling disk as a function of time, t. The solutions are computed using the composite grid, G (j) fd , with resolution factors j = 1, 2, 4 and 8. The plots in the left column of Figure 11 show the general behaviour of y b , v b2 and a b2 , while the plots in the right column show enlarged views which indicate the convergence of the various solution components. The dashed curves in the velocity plots are taken from the numerical results given in Fig. 7.2(b) from [16] for their finest grid resolution which corresponds to our grid G (4) fd approximately. We observe that the results computed using the AMP-RB scheme are in excellent agreement with the result from [16] , and show a convergence consistent with second-order accuracy. In fact, Richardson-extrapolation estimates for the time-averaged convergence rate are computed as in Section 8.3, and these rates are found to be 2.11 for the position, 2.16 for the velocity and 2.43 for the acceleration, respectively, in agreement with second-order accuracy. The remaining cases in [15, 16] using other choices of the viscosity have been computed using the AMP-RB scheme, and we have found similar agreement and convergence behaviour. Finally, we note that the TP-RB scheme is also stable without sub-iterations for this problem, and produces results nearly identical to the AMP-RB scheme. 
where A b ≈ 0.5 is the computed area of the solid, g = [0, −1] T is an acceleration due to gravity, and the ramp function R is given by (69). The composite grid used for this problem, G (j) rb , is shown in Figure 12 , and consists of a background Cartesian grid (blue), a boundary-fitted grid attached to the surface of the rising solid (red), and a stretched boundary-fitted grid (green) along the top wall of the fluid chamber to accommodate a close encounter with the rising solid. As before, the grid with resolution factor is indicated by the superscript j. The target background grid spacing is h (j) = 1/(10j), while the target boundary-layer spacing is four times finer, 
rb . Figure 13 shows contours of the pressure and (instantaneous) streamlines from the computed solution using the composite grid G Figure 14 . The rectangular block initially accelerates upwards due to buoyant forces before slowing down as it approaches the top wall. At later times, the solid continues to approach the wall slowly as fluid is expelled from the gap. By t = 10 the behaviour of the fluid in the gap between the solid and the top wall is similar to that of classical lubrication theory with the pressure showing negligible variation in the vertical direction.
The behaviours of y b (t) and v b (t) are presented from simulations on grids, G
rb , of increasing resolution, j = 4, 8, 16 and 32. The self-convergence rates for this problem are not as clean as for the previous cases we have considered for a variety of reasons. One reason is that the time-step changes discontinuously at certain times which likely causes a local first-order error since the added-damping coefficients depend on ∆t. Another reason is that the boundary-fitted grids we have constructed become narrower as the grid is refined, to allow a closer approach between the body and wall, but this usually leads to poor estimates for the convergence rates since the region covered by a given grid changes as the grid is refined. However despite these issues, and the difficulty of the problem, the curves for different grid resolutions appear to be converging reasonably well. To give a quantitative sense of the convergence rate, a Richardson extrapolation estimate for the time-averaged convergence rate is computed (as in Section 8.3) using the finest three simulations for the rigid body position and velocity as a function of time. At the early time, t = 1, the rates for the position and velocity are estimated as 1.7 and 1.8, respectively, while for a later time, t = 5, the corresponding rates are 1.5 and 2.1 respectively. Figure 15 shows the behaviour of the vertical acceleration of the rigid-body versus time for different grid resolutions. The acceleration of the body is not as smooth as the vertical position or velocity, but this is not unexpected. A closer look at the results for the coarsest grid shows small blips in the acceleration. These blips correspond to small perturbations that are traced to changes in the overlapping grid connectivity as the body-fitted component grid attached to the solid moves. The motion creates changes in the overlap as new interpolation points are computed and as the classification of grid points change between active and inactive (see [4] for a detailed discussion). These changes in the grid result in small perturbations to the pressure and velocity fields, which then are reflected in the fluid forces on the rigid body. The scheme is quite robust to these perturbations which are hardly noticeable in the integrated quantities such as the body velocity and position. In addition, the size of the perturbations is seen to become smaller as the grid is refined. In fact, the time averaged convergence rates using Richardson extrapolation for the acceleration are 1.7 and 1.6 at t = 1 and t = 5, respectively. It is interesting to discover that instabilities due to added-damping effects can be important for this problem even though the dominant motion is translational. The added-damping terms in the AMP interface condition (34) involve the factor β d ∆t and the added-damping tensor D. The components of this tensor are computed from discrete approximations to the surface integrals in (59)-(62) using the discrete geometry defining the rounded rectangular solid. For the grid G 
2) in Appendix B). Observe that the added-damping terms are proportional to µ∆t/∆n, where ∆n is defined in (58). For coarser grids where the time-step is larger, ∆n ≈ ν∆t/2 so that the added-damping terms scale as √ ν∆t. This indicates that added-damping effects increase for larger values of ∆t, in agreement with the analysis in Part I. As an example, Figure 16 shows an added-damping instability for a simulation on the grid G (4) rb when the added-damping coefficient β d is intentionally and artificially chosen too small (β d = 0.5 in this case). The instability appears primarily as a rotational oscillation of the body while it rises. The time history of the angular acceleration,ω b , shows this high-frequency oscillation. It is interesting to note that the amplitude of this instability saturates due to counter-acting pressure forces caused by added-mass effects. Finally, note that the results from the traditional scheme for this problem give nearly identical results to those from the AMP-RB scheme. The TP-RB scheme, however, requires many sub-time-step iterations at each time step, 85 on average with a maximum of about 200 at early times, for a simulation using the composite grid G (4) rb . As a final illustration of the AMP-RB scheme, we consider the buoyancy-driven interaction of two rectangular-shaped bodies, initially located one above the other, as shown in Figure 17 . The lower and lighter body (referred henceforth as the bottom body) of density ρ b = 0.5 attempts to rise in a fluid of density ρ = 1, but is impeded initially by the heavier body above it (referred henceforth as the top body) of density ρ b = 1.5 that is attempting to fall. This example demonstrates the properties of the AMP-RB scheme for the case of multiple translating and rotating bodies. The rigid bodies are both considered to be "light" relative the fluid density in that added-mass and added-damping effects are important, and these effects vary over time due to the thin gap between the solids at early times and their relative motion. • about its centre. The bottom solid with density ρ b = 0.5 is centred at (x, y) = (0, −0.35) initially and is rotated counter-clockwise by 15
Interaction between rising and falling bodies in a fluid chamber
• about its centre. The composite grid for the domain, denoted by G
rf , where j denotes the resolution factor, consists of three component grids as shown in Figure 17 . A Cartesian background grid covers most of the fluid domain, and boundary-fitted grids are attached to the surface of the two bodies. The grid spacing for the Cartesian grid is ∆s (j) = 1/(10j). The two boundary-fitted grids are stretched in the direction normal to the surface of the bodies so that ∆s (j) ≈ 1/(10j) for the grid lines away from the body, whereas the grids lines near the body surfaces are clustered by a factor of approximately 4.
The boundary conditions for the problem are taken as no-slip walls on the surface of the bodies and all sides of the rectangular fluid domain. The fluid and the solid bodies are at rest initially. The viscosity of the fluid is µ = .05, and a body force given by (70) is taken for each solid with g = [0, −1]. As before, the body force turns on smoothly to avoid an impulsive start.
Shaded contours of the pressure are shown at selected times in Figure 18 , while the time-history of the rigid body variables are shown in Figure 19 . The latter figure also gives an animation of the translation and rotation of the two bodies over time. The bodies start from rest and the body force due to gravity is turned on smoothly over the time interval t ∈ [0, 1]. The bodies slowly approach one another at early times. During this time, a large pressure develops in the gap between the bodies which reducing the rate at which the gap closes. The top body begins to move to the left while the bottom body moves to the right. At the same time the bodies begin to rotate in a counter-clockwise direction. The bodies continue to slide by each other and rotate. By time t = 10 the bodies have nearly separated from one another, and the gap between the bodies becomes quite small (see Figure 18) . The angular acceleration of the bodies is the largest in magnitude at about this time. By t = 12 the bodies have separated and there is a negative pressure in the remaining gap 
rf .
that keeps the bodies from separating too quickly. The bodies continue to separate and by t = 15 they are approaching the lower and upper walls of the fluid container. Figure 20 shows a grid convergence study for selected rigid body variables; other variables show similar behaviour. As the grid is refined the curves are seen to converge with the separation between curves decreasing rapidly as the grids are refined. The positions and velocities of the bodies are reasonably represented even on the coarsest grid G (2) rf , although the accelerations on this grid show small oscillations. The amplitude of these oscillations in the acceleration decrease as the grid is refined as we have noted in previous example calculations.
Conclusions
In this second part of a two-part series we have developed the general formulation of the AMP-RB scheme for the partitioned solution of rigid bodies moving in an incompressible fluid. This scheme remains stable, without sub-iterations, for light and even zero-mass bodies. The primary extension to multiple space dimensions involved the development of the added-damping tensors; these are incorporated into the equations of motion of the rigid body to address added-damping instabilities. Linearization of the force and torque terms on the rigid-body led to analytic forms for these added-damping tensors whose entries depend on solutions to two vector Helmholtz equations. Approximate forms of these tensors, convenient for use in numerical solutions were developed. The entries in the approximate added-damping tensors, which involving surface integrals over the body, can be pre-computed during a preprocessing step. The AMP-RB scheme was implemented in two dimensions for general domains with one or more rigid bodies by using composite overlapping grids. This is an efficient approach for treating moving body problems and provides smooth boundary fitted grids on the body for accurate treatment of boundary layers.
Numerical results were used to demonstrate the stability and second-order accuracy of the scheme. Some challenging problems involving very light bodies demonstrated the effectiveness of the scheme. The AMP-RB scheme was shown to produce nearly identical results to the traditional scheme with sub-iterations, although for hard cases the traditional scheme required tens or hundreds of sub-iterations per time-step. Addeddamping effects arising from viscous shear stresses are clearly important for rotationally symmetric bodies such as a disk in two dimensions or a sphere in three dimensions. The case of a rising buoyant rectangular body, however, demonstrated that it is also important to account for added-damping effects for body shapes that are far from rotationally symmetric.
In future work we plan to extend the AMP-RB algorithm to three dimensions, which in principal should not present any significant issues. In practice, there are various details that need to be treated properly such as the accurate evaluation of surface integrals on bodies covered by multiple overset grids as needed for computing forces, torques and entries in the added-damping tensors. We will also consider extending the AMP-RB scheme to higher-order accuracy in space and time. For this extension, we note that the spatial discretization of the Navier-Stokes equations to fourth-order accuracy on overset grids has been developed previously in [1] , and this could be used as a basis for a fourth-order accurate scheme. Higher-order accurate schemes in time, however, will need to be developed and these will need to be stable within the fractionalstep framework. The approximate added-damping tensors developed in this article could be used in the high-order accurate scheme, likely without change, provided high-order accurate values for the predicted body accelerations are used, but again the stability of such a procedure would need to be evaluated. since, using (A.1) for n and (A.2) for t m together with (A.3) and (A. 4 ∂x j α m+1 ∂v j ∂r m+1 , 12) where the sign of the right-hand-side is positive if the set is right-handed and negative otherwise.
Proof. Equation (A.11) holds for any orthonormal set since x = nn T x + t 1 t 
